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 Place Value 

 Addition 

 Subtraction 

 Problem Solving 

 Fractions 

 If time allows: Multiplication and Division 

 

 

 





Spiral of change 
 From Prochaska, DiClemente & Norcross, 1992, p1104 



 A teacher every day asks: 

 

Did I do math sense-making about math 

structure using math drawings to support math 

explaining? 

 

 Can I do some part of this better tomorrow? 



 Place value drawings to 

help conceptualize 

numbers  and understand 

the relative size of place 

values 

 

Once concept of the 1s is 

understood move to 

drawings without dots 

 



 Reason Abstractly and 

Quantitatively 

 How much is a box worth? 

 How much is a stick worth? 

 How much is a circle worth? 

 How can you count to find the number 

shown in the drawing? 
 

 Students should be able to explain 

the “10 times” pattern for ones, 

tens, hundreds, and thousands.  

 Understanding that each place value is 

10 times as great as the value of the 

previous place. 

 

 

 

 

 

 

 

 



Tools 

 Grade 3 the quantities are on the back 

 Expanded form gives the English repeating 

counting sequence  

 Standard form you read the English number and 

the position tells the value 

 Word form shows the values in words 

 Our number system is a base ten within a base 

thousand system 

 So we say 468thousand, 2hundred35 

Structure  

 Value of the digit 1 differs in each place 

 Value to the left is multiplied by 10 

 Value to the right is divided by 10 



Using secret code cards as a tool to provide structure… 

 The importance of the place value to explain how to 

find the expanded form of the number 1,263. 

 

Digit x Place Value = Total Value 

   1   x   1,000        = 1,000 

   1,000 is the total value of 1 

 

   2 x 100 = 200,  6 x 10 = 60,  3 x 1 = 3 

 

Combine total values 1,000 + 200 + 60 + 3 
 

What’s another way to read this number? 

 

 

 

 

 

 



 

 

 

 

 

 

Understanding how numbers can be grouped and 

ungrouped in different ways is important to 

developing and understanding methods for multi-

digit addition and subtraction. 



 Counting-On by Tens  

 80 + 50 

 Think 8 tens + 5 tens 

 Say: 8 tens 

 Count on until you have counted 5 tens: 9 tens, 10 

tens, 11 tens, 12 tens, 13 tens. The answer is 13 

tens or 130 

 

 Counting-On by Hundreds 

 

 Counting-On by Thousands 
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Draw a proof picture using the “Count-on” strategy 

to find the answer to 37 + 6. 

 

 

 

 

 

 Circle the next decade number in the drawing. 

 Label the decade number in the drawing. 

Write the “decade” equation. 

Now try and discuss:  48 + 5 and 76 + 8. 

 

37 

40 

40 + 3 = 43 
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Draw a proof picture using the “Count-on” strategy 

to find the answer to 80 + 50. 

 

 

 

 

 

Draw the hundred number in the drawing. 

 Label the hundred number in the drawing. 

Write the “hundred” equation. 

Now try and discuss:  700 + 500 and 900 + 600. 

 

80 

80 + 20 = 100 

80 + 50 

100 + 30 = 130 



 Tools 

 Discuss the value and position of each digit 

 

 

 Precision 

 Explain when rounding we look to the right of the 

hundreds place and because it is 5, we round 354 

up to 400 

 

 

 Abstractly and Quantitatively 





 





 Proof Drawings support the development of place 

value language. 

 Expanded Notation 

 Show All Totals (Left to Right) 

 Show All Totals (Right to Left) 

 New Ten Groups Below 

 New Ten Groups Above 
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=    200   +   60   +  5 

=    100   +   90   +  7 

   300   +  12   + 150    4 6 2    = 

         2 6 5 

+ 1 9 7  

Step 2:  Add the hundreds 

Step 3:  Add the tens 

Step 4:  Add the ones 

Step 5: Rewrite in standard form 

Step 1:  Expand each number 



3 0 0 
1 5 0 

+  1 2 

4 6 2 

     2 6 5 

+ 1 9 7 

Step 1:  Add the hundreds 

Step 2:  Add the tens 

Step 3: Add the ones 

Step 4: Add the Sub-totals 



+ 3 0 0 
1 5 0 
  1 2 

2 

     2 6 5 

+ 1 9 7 

6 4 

Step 3:  Add the hundreds 

Step 2:  Add the tens 

Step 1:  Add the ones 

Step 4:  Add the Sub-totals 



1 1 

2 6 4 

         2 6 5 

+ 1 9 7  

Step 3:  Add the hundreds 

Step 2:  Add the tens 

(Show the new hundred if possible) 

Step 1:  Add the ones 

(Show the new ten if possible) 

10 100 



1 1 

2 6 4 

         2 6 5 

+ 1 9 7  

Step 3:  Add the hundreds 

Step 2:  Add the tens 

(Show the new hundred if possible) 

Step 1:  Add the ones 

(Show the new ten if possible) 

10 100 



 Please turn to the “Independent Practice” and do 

  on your own. 

 

When finished, compare and discuss your work as a 

table group. 

24 



Have students suggest strategies to avoid the 

common errors you make for an activity. 

Discuss at your table how this lesson may look in 

your classroom. 



Do you see a potential for errors? 



What are potential benefits to ungrouping first? 



 Reminder:  Proof Drawings support the 

development of place value language. 

 Expanded Notation 

 Ungroup First (Right to Left) 

 Ungroup First (Left to Right) 
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=      300   +    20   +    5 

=   – 100      – 70      – 6 

   100 

  10 15 

  + 9   + 40 

200 

110 

   149    = 

  325 

– 176  

Step 2:  Do we have enough ones?  

Step 3:  Do we have enough tens? 

Step 4:  Subtract 

Step 1:  Draw 325 and expand both numbers. 

Step 5:  Rewrite in standard form. 



 

 3 2 5  

– 1 7 6  

30 

1 15 2 

9 4 1 

11 

Step 2:  Do we have enough ones? 

Step 3:  Do we have enough tens? 

Step 4:  Subtract 

Step 1:  Draw 325. 



 

  3 2 5  

– 1 7 6  

31 

12 15 2 

9 4 1 

11 

Step 4:  Do we have enough ones? 

Step 5:  Subtract 

Step 3:  Do we have enough tens? 

Step 1:  Draw 325. 

Step 2:  Do we have enough hundreds? 



 

  1 0 5  

–    7 6  

32 

10 15 0 

9 2 

9 

Step 4:  Do we have enough ones? 

Step 5:  Subtract 

Step 3:  Do we have enough tens? 

Step 1:  Draw 105. 

Step 2:  Do we have enough hundreds? 



 Please turn to the “Independent Practice” and do 

  on your own. 

 

When finished, compare and discuss your work as a 

table group. 
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 Understand the situation 

 Make sense of the language – to conceptualize the real world situation 

 Make sense of the problem  

 Reason Abstractly and quantitatively 

 Represent the situation with a drawing/situation equation  
 Mathematize the situation – focus on mathematical aspects of situation  

 Model with mathematics 

 Look for and make use of structure 

 Solve the representation (write a solution equation) 

 Find the answer – use drawings/situation/solution equation 

 Use appropriate tools 

 Use repeated reasoning 

 Check the answer makes sense 

 Check the answer in the context of the problem – write and explain the 

label and answer 

 Critique the reasoning of others 

 Attend to precision 

 



 Becoming flexible problem solvers 

Understanding the product on either side of 

the equation 



Operations and Algebraic thinking 

 Represent the situation with a drawing, 

diagram and/or equation 

 A situation equation shows the action or the 

relationships in a problem 

 Then decide how to solve for the answer 

 A solution equation shows the operation that is 

performed to solve the problem 

       

 



 Connect diagrams and equations 
 Solve problem 2 without doing any work 

 

1. There were 138 students in the gym for the assembly. 

Then 86 more students came in. How many students were 

in the gym altogether? 
 

 

2. There were 224 students in the gym for the assembly. 

Then 86 students left. How many students were still in the 

gym? 

     138   +    86       =  224 

    addend + addend  =  sum 

      224   –   86      = 138  

       sum   -   addend = addend 
 

 Addition and subtraction undo each other 

 

 

 



Shayna had some markers. She gave 5 of the  markers to 

her friends. Now she has 2 markers. How many markers 

did she have in the beginning? 

 How many markers did Shayna give away? 

 5 

 How many markers did Shayna have left? 

 2 

 What are you trying to find out? 

 The number of markers Shayna had when she started 

 Is this the unknown number in the situation? 

 Yes 

 How can we find the unknown number or solution? 

 Add 5+2 (the number of markers that Shayna gave away plus the 

number of markers that were left) 

 Situation: b – 5 = 2         Solution: b = 2 + 5 

 



 Key is understanding the situation 

 Labeling explains the parts of the story 



 Look at the problem below. 

 The word more might lead students to believe that they 

should add, but they actually need to subtract 

 They know the greater quantity and the difference, so 

subtraction will give them the lesser quantity 

What took more time? How much more time? 

How do we show this? 

How do comparison bars help? 

The soccer team drilled for  

150 minutes last week. The team drilled 

for 30 minutes more than it scrimmaged. 

For how long did the team scrimmage? 

practiced 

practiced 

game 

game 



Multiple entry points 

More than one operation 

 Identify the helping question(s) or the 

question(s) that needs to be answered before 

the final solution can be found 

 



Writing the first step equations 

 Represent all steps 

Fruit Fruit 

has 
total 

How many fruit on each plate? 

Or two separate steps with equations: 

 4 + 2 = 6  and  5 x 6 = 30 



 Pay attention to the situation 

expressed in the problem 

 Not numbers and words/phrases 
 

What information does the 

problem ask for? 

 The number of cans Matt brings 
 

 Paraphrase in their own words 
 

What is the hidden question? 

 How many cans does Olivia bring? 
 

 Paraphrase again. 

How many cans does Olivia bring? 

Olivia’s 9 cans. 

            5 



 Isabel brought 36 pieces of fruit for her soccer 

team. There are 16 apples, 12 bananas, and the 

rest are pears. How many pieces of fruit are pears? 
 

 What is the problem about? 

 Different kinds and amounts of fruit 

 What do you need to find? 

 The pieces of fruit that are pears 

 What do you know? 

 16 + 12 = 28 fruit 

 Mathematize 

 Rephrase into your own words 

 Pay attention to the situation expressed in the problem 

 Not numbers and words/phrases 

 

Situation:   36 = 28 + pears  

Solve:         36 - 28 = 8 pears 

How many apples and bananas? 

16 + 12 

28 fruit 



 

 





 Create equivalent fractions by multiplying or 

dividing numerators and denominators of 

given fractions by the same number. 

 Compare fractions using a variety of 

strategies, including rewriting them with a 

common denominator. 

 Add and subtract fractions and mixed 

numbers with like and unlike denominators. 

 

 

 



o Emphasize that the 

equivalent fractions 

must have the same 

whole  

o Equation: composed of 

unit fractions 

o Visually: Bar diagram 

labeled with unit fractions 

o Visually: Relate bar 

diagram to Number line 

diagram 

  

 

 

 

Seeing the unit fraction with PLENTY of visual representation & 

sense making students understand the denominator stays the same 

because it is just telling the name of the unit fraction. 

 

 

 







Whole numbers are obtained by combining some 

number of 1 

 3 = 1 + 1 + 1 

 

 Same as fractions are obtained by combining some 

number of unit fractions 
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 Viewing non-unit fractions as sums of unit fractions 

helps students avoid common errors in adding 

fractions. (MP model/make sense) 
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3/8 + 5/8 = 1/8 + 1/8 + 1/8 + 1/8 + 1/8 + 1/8 + 1/8 + 1/8 = 8/8  



Viewing non-unit fractions as sums of unit fractions helps 

students avoid common errors in subtracting fractions. 
 We had 5/8 of a pizza. Then we ate 3/8 of it. How much pizza is left? 

 What operation do we use? 

 We use subtraction because we are taking away one part from another. 

 How can we subtract the fractions? 

 Subtract the numerators and leave the denominators the same. 

 Using the Mathboards and unit fractions show why we 

subtract fractions this way. 
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5/8 — 3/8 = 

  1/8    +    1/8    +    1/8    +    1/8    +    1/8 

2/8  



New vocabulary:  n-split (or n-fracture) 

 Write the fraction ½ on the board.  Ask students to 

suggest as many fractions as they can that are 

equivalent to ½. 

 

 

 

 

 Please notice that the fraction chain does not need to 

be in the traditional order that we are used to seeing 

it. 

 Leave this fraction chain on the board as we explore n-

split 
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= = = 



 Begin by looking at the fraction bars that are equal to1/2  

 Draw a vertical line at the end of 1/2 

 Discuss the relationships the students should see 

 Use the Mathboards (MP tools) 

 Look for the relationships when finding all of the ½ fractions (MP structure) 

 

 

 

 



 Show the dividing of the ½ length into smaller unit fractions and the 

multiplying of the number of unit fractions to make equivalent 

fractions (the same size part of the whole) (MP abstract/quantity) 
 

 What does it mean to multiply the numerator and denominator of ½ by the 

same number? 

 

 

 

 
We 2-split     to make     .  

We 3-split     to make     .  

Common error to draw 1 too many vertical lines (2-split, draw 2 lines not 1) 



Math Talk 

 What kind of n-split would create this fraction? 

 What would you have to multiply the top and bottom by 

to get that fraction? 

 Would this work for any multiplier? 

 You Try! 
 What kind of n-split would create this fraction? 

 What would you have to multiply the top and bottom by to get 

that fraction? 

 

 

 

 

 

We 8-split     to make       .  

We 100-split     to make         .  







Using the number line as a tool to 

provide structure… 

How many sixths does it take to 

make 
1

3
 ? 

How many sixths does it take to 

make 
2

3
 ? 

How can 
4

6
 be equal to 

2

3
 when 

4

6
 

has greater numbers than 
2

3
 ? 







 As you make more parts of the same whole, the 

unit fraction becomes smaller 

 Denominator becomes larger 5/6 becomes 10/12 

 Each unit fraction 1/6 is divided into 2 equal parts 

 There will be 2 equal parts for each 1 part so you get 10/12 



Multiplication table 

 The 5 row and the 6 row helps students see there are 

many equivalent fractions made by multiplying another 

fraction by the same number on the top and bottom. 



What does row 3 in each 

table show? 

 Multiples of 3 

What does row 5 in each 

table show 

 Multiples of 5 
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Students think of the numbers in row 3 as numerators and 

the numbers in row 5 as denominators. 

Why is 3/5 equivalent to 6/10? 

 Both the numerator and denominator of 3/5 have been 

multiplied by 2. 

 

 



The first fraction 3/5, is the 

simplest fraction.  

 Why can’t we write it with 

smaller numbers for the 

numerator and denominator? 
 

 Where do you see the 

multipliers in the table for the 

fractions? 

 

 

63 

Simplify Dividing the numerator and denominator by the same 

number makes the fraction smaller by making larger unit 

fractions. 

Unsimplify Multiplying the numerator and denominator by the 

same number makes the fraction smaller by making smaller unit 

fractions. 
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At your table: 

 

Use the multiplication table to find 

two fractions equivalent to 4/7. 
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• Conceptualize why you can multiply the numerator 

and denominator by forms of 1 to find equivalent 

fractions  

• Connect understanding of fraction bar models to 

the multiplication table 
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Do and discuss Class Activity 

What’s the error? (MP viable arguments/reasoning) 
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 Reasoning  

 Understanding like denominators  

 Fraction with the greater numerator-- is visually larger 

and therefore the greater fraction 

 

 

 

 Understanding like numerator 

 Fraction with the lesser denominator – is visually 

larger and therefore the greater fraction 

 

 



Number lines & Fraction bars 
 Compare  

 Explore fraction benchmarks 

 Equivalent fractions 



 

 

 

 

 

 

 

 

How are number lines similar, yet different 

from fraction strips? 
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1/2 1 1 1/2 2 

1/4 3/4 1 1/4 1 3/4 2/4 1 1 2/4 2 0/4 

0/2 

2/8 6/8 1 2/8 1 6/8 4/8 1 1 4/8 2 0/8 
3/8 7/8 1 3/8 1 7/8 5/8 1 1/8 1 5/8 1/8 

Mark and label the halves on the number line. 

Mark and label the fourths on the number line. 

Mark and label the eighths on the number line. 



1/2 2/2  3/2 4/2 

1/4 3/4 5/4 7/4 2/4 4/4 6/4 8/4 0/4 

0/2 

2/8 6/8 10/8 14/8 4/8 8/8 12/8 16/8 0/8 
3/8 7/8 11/8 15/8 5/8 9/8 13/8 1/8 

Mark and label the halves on the number line. 

Mark and label the fourths on the number line. 

Mark and label the eighths on the number line. 



 

 

 

 

 
 

Player 1    Player 2 

1/2 1 1 1/2 2 

1/4 3/4 1 1/4 1 3/4 2/4 1 1 2/4 2 0/4 

0/2 

2/8 6/8 1 2/8 1 6/8 4/8 1 1 4/8 2 0/8 
3/8 7/8 1 3/8 1 7/8 5/8 1 1/8 1 5/8 1/8 

“I have one and one-eighth” “I have one half” “One and one-eighth is 

closer to one” 



Fraction 

 

 
 
 

Fraction Strip 

 

 
 

Number Line Ruler 
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1 Whole 

1 2 
1 2 



 Please take out the directions, game spinner, 

game mat and a paper clip to use with your 

pencil as a spinner. 

 Please read the directions and discuss the 

objective of the game. 

 Do any steps need clarifying? 

 Note:  We will play on a single game board in 

order to increase the opportunity for “math talk” 

during the game. 

 Please do not begin playing.  We will discuss 

an example before we play a game on our 

own. 
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Player 1 spins 1/8 and draws it on the 

game mat. 
Player 2 spins ¼. Since 1/4 does not line up with where 

the 1/8 left off, player 2 needs to find an 

equivalent to be used in place of 1/4. 

1/8 1/4 

Player 2 says, “1/4 is equal to 2/8” and 

draws it on the game mat. 

Play continues until the winner exactly 

fills in the last part of the whole. 



Unlike denominators 

 Need to find common denominators 

 

 

Advanced because they should understand the 

mathematical reasons this works 



Which mathematical practices are being used to 

answer this question and why do you think that? 



 Building fractions from unit fractions is used 

to develop the ideas of fractions greater than 

1 and mixed numbers 

 



 Build Mixed Numbers from Unit Fractions 

 

 

80 



 Build 2 
3

5
 with your fraction strips. 

 

 

 

 

 

How many fifths do you have in all? 

 5 fifths + 5 fifths + 3 fifths = 13 fifths 

How could you write this as an improper 

fraction? 

  
13

5
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 Check your answer by turning over the two 

whole fraction strips. 
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 For the mixed number 4 
2

5
, how do you know 

how many 1 whole strips are needed to make 

the mixed number? 

 Look at the whole number…4 

How do you know how many more fraction 

strips are needed to make the fraction in the 

mixed number? 

 Look at the numerator for how many and the 

denominator for what type…
2

5
 

 

 

 

 

 

 

 

83 



Use your fraction strips to rewrite 4 2/5 into a 

fraction.   

 Record and discuss what you did? 

 

Whole numbers plus the fractions 

4  
2

5
  =  1   +    1   +   1   +  1   +  

2

5
  

 Write the number of parts to each whole     

4  
2

5
 =  

5

5
  +  

5

5
  +  

5

5
  +  

5

5
   + 

2

5
  

Write the total number of parts            

4  
2

5
 =  

22

5
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 For the fraction 
19

5
, how do you know what 

type of fraction strip to use to build this 

fraction? 

 Look at the denominator…fifths 

How do you know how many fifths are 

needed to make the fraction with fraction 

strips? 

 Look at the numerator…19 
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 Students will use their fraction strips to 

rewrite 
19

5
 into a mixed number with the 

following sequence. 

 

Number of parts to each whole 

19

5
  =  

5

5
 +  

5

5
  +  

5

5
  +  

4

5
  

Whole number plus the fraction 

19

5
  =   1  +   1   +   1   +  

4

5
 Total  

19

5
  =  3  

4

5
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Mixed Number 

 

 
 
 

Mixed Number Drawing 

 

 

Fraction Fraction Drawing 
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1 Whole 

1 Whole 

“4 times 2 + 3” 
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What’s the Error? 
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+ = 

– = 



Add 

 Add whole number parts and fractions parts 

separately and regroup if needed. 

 

 

 

 

 Rewrite the mixed numbers as fractions and 

add 

 

 

 

 



Draw a picture to add and regroup. 

 

 

 

 

 

 

 

 

 

Which way did you see? 

1 

1 1 



Subtract 

 Subtract whole number parts and fraction 

parts separately, ungroup first 

 

 Add on from the lesser number to the greater 

number. 

 

 

 Rewrite the mixed numbers as fractions and 

subtract. 

 

 

 



 Rename mixed numbers before you can 

subtract 

 



What is the Error – or Anticipate why kids do not 

understand this…  

 

 

 

 To get 
7

5
 in the top number you have to ungroup one of the 

wholes in 5 to get 
5

5
. This leaves you with one less whole 

than you had before, so you should have changed 5 to 4. 

This would give you 4  
7

5
 – 3  

4

5
 which is 1  

3

5
 

Do they understand 5/5 = 1?  

 Use fraction strips as a mathematical tool 

 



Math drawings!! 

Math Talk! 



 Why can’t you add 
1

3
 + 

1

4
 easily? 

 You can’t tell where 
1

4
 is on the 

1

3
 bar. 

 How can you divide both fourths and thirds into 

the same sized unit fractions? 
 Split each third into 4 parts and split each fourth into 3 

parts. That gives us twelfths on both bars. 

 How many twelfths is 
1

3
 and 

1

4
? 

 What is the total? 

 

 

Thirds 

 

Fourths 
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Use strategies for comparing fractions to rewrite 

fractions for adding. (MP repeated reasoning) 

 Connect symbols and models. (MP reason abstract/quantitatively) 

 Add 
5

8
 + 

1

4
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+ = + = = 

1/8 +1/4 Doesn’t tell us what the total is called, so how can we decide? 

Divide the bar and rename a unit fraction that can also make 1/8 and 1/4 

Find a Common Denominator, 1/4 = 2/8 



 Please take out your fraction strip template and 

follow along with the next example. 
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How to use fraction strips to add 3/4 + 5/6 

99 

+ = + = = = 







What is the Error? 
 

 Describe 2 ways to justify why this is wrong? 

 
• The fraction 3/5 is more than ½, but the sum is less than ½. Therefore it 

cannot be correct. 
 

• To add two fractions, they have to have the same denominator. That is, 

they have to be made from the same unit fractions. The fraction 2/5 is 

made from fifths, while the fraction 3/10 is made from tenths. Because 

these unit fractions are different sizes, the fractions cannot be combined. 
 

• If we change the fraction 3/5 to equivalent fraction 6/10, then the two 

addends will have the denominator 10. That is both will be made from the 

same unit fraction 1/10. Then we can add them. 
 

• When we find 6/10 + 3/10, we are adding 6 tenths and 3 tenths, which is 9 

tenths, or 9/10. So we add the numerators and leave the denominator as 

tenths. 

 

 



How would you explain the 

following expressions? 

 5 x 2 

 2 x 5 

Now, how would you explain 

the following expressions? 

 5 x ½ 

 ½ x 5 

102 



 “5 groups of ½” 

 We need to draw 5 “halves” using fraction strips. 

103 

1/2 + 1/2 + 1/2 5/2 = + 1/2 + 1/2 2  1/2 = 



 “1/2 of 5 wholes” 

 We need to draw 5 “whole” fraction strips. 
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1/2 

1/2 

1/2 

1/2 

1/2 

1/2 + 1/2 + 1/2 5/2 = + 1/2 + 1/2 2  1/2 = 





105 
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 Bob eats 2/9ths of his Easter candy each day, for three 

days in a row.  After the third day of eating, what 

fractional part of his Easter candy did he eat? 

 

Use a fraction strip to show how much he ate. 

 

 

 

 

Write an addition equation to show how much he ate. 

 

Now, write this as a multiplication equation. 

 

2/9 2/9 + 2/9 + 6/9 = 3  x  2/9 6/9 = 

Day 1 Day 2 Day 3 



Multiplying using unit fraction language 

 If a quantity b is n times a quantity a, 

   then a is 
1

𝑛
 times b 

 6(b) is 3(n) times 2(a) 

 6 = 3 · 2    (b =n·a) 

 2(a) is 
1

3
 (1

n
)  times 6(b) 

 2 =  
1

3
· 6    (a = 

1

𝑛
∙ 𝑏) 





𝑎

𝑏
 · 

1

𝑏
· 𝑛  

 

Draw a line from 0-24. To show fourths, divide it into 4 

equal parts of 6 
 24 ÷ 4 = 6  



1

4
 of the way is 6 miles 



2

4
 of the way is 12 miles 



3

4
 of the way is 18 miles 

 

 Use the answer for 1/4 of the distance to find 3/4 of the distance. 

  ¾ is ¼ + ¼ + ¼  

 ¼ of the distance is 6 miles 
 So ¾ of the distance is 6 + 6+ 6 = 18 miles 

 

 

 





𝑎

𝑏
 · 

1

𝑏
· 𝑛  

 



3

4
 ∙ 24 = 3 ∙

1

4
∙ 24  

 To find 
3

4
 of 24, calculate 

1

4
 of 24 

  Think 
1

4
∙ 24 =

1

4
∙

24

1
=

24

4
= 24 ÷ 4 = 6 EMPHASIS on connection of unit 

fraction  

 

 Then multiply the result – 6 by 3 



 



 Finding a unit fraction of a whole number by finding that 

fraction of each 1 whole and then adding the result 

Farmer Diaz has 3 acres of land. He plows 
1

5
 of this land.  

 The number of acres he plows is 
1

5
 of 3 or 

1

5
 · 3 

 The diagram shows Farmer Diaz’s land divided  

  vertically into 3 acres. The dashed horizontal  

  segments divide the land into five parts.  

  The shaded strip is the 
1

5
 of the land Farmer Diaz plowed. 

 The drawing shows that taking 
1

5
 of the 3 acres is the same as taking 

1

5
 

of each acre and combining them. 

 

 Mathematically 

 So, 
1

5
 of the 3 acres is 

3

5
 acre 

 

 



 Help understand why 

the product of two 

fractions is the product 

of the numerators over 

the product of the 

denominators 

 
2

3
∙

4

5
     𝑜𝑟    

2

3
𝑜𝑓

4

5
 



What does 
1

2
 ∙

1

4
 mean? 



1

2
 of 

1

4
 is 

1

8
 of the whole 

 

 

 
 

 The general formula for the product of two fractions 
𝑎

𝑏
𝑥

𝑐

𝑑
=

𝑎𝑐

𝑏𝑑
 

 To find the denominator: b split each 
1

𝑑
=  𝑏 ∙ 𝑑 

 To find the denominator: take c groups of a of the new unit fractions 

𝑎 · 𝑐  

 Equation is not needed in grade 5 BUT should reason out many 

examples using fraction strips and number line diagrams. 
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1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8 





2

3
𝑜𝑓

4

5
 

 Some students may mark only the 
2

3
 part of each 

fifth and forget to mark the 
1

3
 parts 

 

 

 
 

 This would lead to an answer of 
4

10
𝑜𝑟

2

5
 

 

 

 

 Four groups of 2 fifteenths circled 
2

3
 of 

4

5
=  

8

15
 



What the error? 

 

 

 

 

 

 

 

 

 

 You divided two numbers in the denominator by the same 

factor. To simplify you must divide a number in the numerator 

and a number in the denominator by the same factor. 

 



 Compare visually to see the difference 

between adding and multiplying  



 Adding 
2

3
 𝑡𝑜 

1

3
 

 1 third plus 2 thirds 

 Greater than 
1

3
 , putting together 

 Taking  
2

3
 𝑜𝑓 

1

3
 

 2 thirds of 1 third 

 less than 
1

3
 , taking apart 

 

Discuss Building Concepts 
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Multiply a whole number w 

by another whole number 

 Product will be greater than w 

because you are combining 

more than one copy of w 

Multiply a fraction 
𝑎

𝑏
 that is 

less than 1 by another 

fraction less than 1 

 Product will be less than 
𝑎

𝑏
 because you are taking a part 

of 
𝑎

𝑏
 



 Relate multiplication and division 

 4 ∙
3

4
= 3         3 ÷  4 =

3

4
   

 F   F     P      P      F    F 

 Solving 3 ÷ 4 = ?    Is equivalent to   4 ∙__= 3 

 

 12 ∙
1

2
= 6         6 ÷

1

2
= 12  

 F   F     P      P      F    F 

 Discuss the inverse relationship between the equations 

 First equation tells us that if we combine 12 groups of  
1

2
  

we get 6 

 The second tells us that if we divide 6 into groups of   
1

2
    

we get 12 groups  

 



 Please watch and reflect on the meaning of 

½ ÷ 4. 

 

 Divide ½ into 4 equal groups…how much does 

each group equal? 

 

 

 

 

 Each group equals 1/8. 
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1

8

1

8

1

8

1

8

1

8

1

8

1

8

1



Multiplication and Division of whole numbers 



 Array and area diagrams to represent 

multiplication 

 Connect math drawings to numbers and 

symbols 

 Algorithms are summaries of their reasoning 

about quantities 

 



 



 Structure 

 Make connections between place 

value and multiplication 

 

 Repeated reasoning 

 Generalize that 10 times any ones 

number gives you that number of 

tens and 10 times any hundreds 

number gives you that number of 

thousands 

 

 This is the underlying concept 

upon which our place value 

system is built 

 



Make Sense, Model, and Structure 

Draw a 20 x 30 rectangle on your 

MathBoard 

Divide that rectangle into 10-by-10 

squares 

 What do the smaller boxes represent? 

 Notice the tiles are set in 20 equal 

groups of 30 

 What value does each of these squares 

represent? 

 How many groups of 100 are there? 

 What is the total area? 

 

 

 



Reason abstractly and quantitatively & Precision 

 Use place value language to explain where the 

numbers are coming from. 

 Step one: factor 

 Step two: commutative/associative property 

 Step three: simplify 

 Step four: product 

=  2  x  10   

=  (2  x  3)  x 

100 

20 x 30 

=  6  x 

  (10  x 10) 

 =  600 

2 tens  x 3 tens 

x  3  x  10 



What’s the error? 

 Reason abstractly and quantitatively 

 

 

 

 

 

 Added the factors instead of multiplying 

Drew a 20 x 20 rectangle and divided it into 10-

by-10 squares of 100 the rectangle would show 4 

groups of 100. That’s 400 square units not 104. 

 

 

 

 

 



 Solve and discuss 

 Place Value Sections 

 Expanded Notation 

 Algebraic Notation 

 Shortcut  

 

Make sure nouns and verbs match numerals and symbols 



 Shows how to use the area model to multiply  by 

recording each step inside the rectangle, then 

adding the area of each section outside the 

rectangle. 

 

 

 Look for structure by describing what the sections 

represent 

 Left section shows the ones times the tens: 9 x 30 

 Right section shows the ones times the ones: 9 x 5 



• You may want to lead this exploration with all 

students working on a whiteboard. 

 

 

 

 

 

 

 

1.  What are the two steps used to find the product of 

  4 x 237 using the Place Value Sections Method? 
131 

 200 

4 

237 = 

4 x 200 

= 800 + 

  948 

120 

28 

 30 

4 x 30 

= 120 

 7 

4 x 7 

= 28 

800 



Use the area method as a tool to explain 

expanded notation 

 How is the number 29 represented? 

 Remember that when a number shows the total value 

of each of its digits, it is written in expanded form 

 Relate the rectangular model to the numerical 

form by writing the expanded form of 29 

 Find the area of the tens section  

 Write the equation 

 Find the area of the ones section  

 Write the equation 

 Then add the two areas 
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=  200 + 30 + 7 

=                    4 

4 x 200  =  800 

   948 

   4 x 30  = 120 
4 x 7  =   28 

         237 

    x  4  

 200 

4 

237 = 

800 

 30 

120 

 7 

28 4 

2.  What is the last step in the Expanded Notation  

      Method and the Place Value Sections Method? 



 

Reason abstractly and 

quantitatively by connecting the 

diagram and the equation 



   

135 

=  4 • (200 + 30 + 7) 

=  4 • 200 

=  948 

+  120 +  28 

         4 • 237 

 200 

4 800 

 30 

120 

 7 

28 

=  800 

+  4 • 30 +  4 • 7 

3.  What is the first step in all three methods? 



Compare methods 

Which method do you 

prefer and why? 

 

Draw an area model and 

explain how it helps to 

solve the problem. 

 

 Explain why the method 

you chose is different 

from the other two 

methods. 



Must attend to precision and use structure 
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2 

8 4 9 

 2 3 7 

x     4  

4 x 7 = 28, or 2 new tens and 8 ones 

4 x 2 hundreds = 8 hundreds plus      

1 more hundred is 9 hundreds. 

4 x 3 tens = 12 tens, plus 2 more 

tens is 14 tens, or a new hundred 

and 4 tens 

1 



How would you draw a model for 24 x 37? 

 

 

How can you show the tens and ones in 37? 

 Draw a vertical line and write 30 + 7 

 Draw a horizontal line and write 20 + 4 

 

 

 Attend to precision and describe what each 

section represents 

 Record the equation for each step 

 

 

 



 60 

40 

43 

 = 

+ 
 

3 

40 x 60  

= 2400 

40 x 7 

= 280 

+ 

  2881 

  40  x   7  =   280 

3 x   7  =    21 

Area Model Expanded 

  +      7 

3 x 60 

= 180 
3 x 7 

= 21 

   43  = 40 + 3 

x 67  = 60 + 7 

3  x  60  =  180 

67 = 

 43  x 67 

Try, 28 x 54 at your table. 

  40  x 60 =  2400 

Results 
   43   

x 67   

2400 

280 

180 

21 + 

  2881 
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2 

1 0 2 

         6 7 

x  4 3  

2 

8 6 2 + 

1 8 8 2, 

 60 

40 

43 

 = 

+ 
 

3 

40 x 60  

= 2400 

40 x 7 

= 280 

  +      7 

3 x 60 

= 180 

3 x 7 

= 21 

67 = 

Step 1: 3 x 7 = 21, the 2 tens wait above the 6 tens  

Step 2: 3 x 6 tens (and include two tens from 3 x 7): 18 tens + 2 

tens = 20 

Step 3: Write a zero as a place holder, so that in later steps the 

products of 40 will be in the right place 

Step 5: 4 tens x 6 tens (and included 2 hundreds from 4 tens x 7): 24 

hundreds + 2 hundreds = 26 hundreds 

Step 6: add the products of 3 x 67 and 40 x 67 

Step 4: 4 tens x 7 = 28 tens 
0 



 Partial products 

New groups above  

New groups below 

 Shortcut 

 Use the area drawing to 

relate to the shortcut 

method 

 



Methods 

Working toward fluency  



 Please turn to the practice 

on your own. 

 

 

When finished, compare 

and discuss your work as a 

table group. 

 



 Compare methods 

 Check for reasonableness 

 2 digit divisors 

 



Divide to find the number of groups 

in a division situation 

 Place Value Sections Method 

 One section for each place value of 

the dividend 

 Multiplying with place value – relate 

dividend and divisor to factors and 

product 

 Expanded Notation Method 

 Building quotient place value by 

stacking the sub-quotients 

 



Multiplication 

 Side lengths of the rectangle  

   represent the factors 

 The area represents the unknown 

product 

 

Division  

 Area is given and one of the side 

lengths (one factor) is unknown 

 Area represents the dividend 

 One side length represents the divisor 

 The other represent the unknown quotient 



 Analyze Relationships:     325 ÷ 5  

Multiplication and division are inverse operations 

325 ÷ 5 can be written as 5 x 65 = 325   

5 x 65 = 5 x (60 + 5) 

           = (5 x 60) + (5 x 5) 

           = 300 + 25 

           = 325  

Partial products 300 and 25 can be seen in the place value 

sections 

Same as we subtract 300 in the first step and 25 in the last step 

 

25 

5 
325 

 60  +          5 

– 300 

25 

 – 25 

 0 

= 65 



248 

5 
3,248 

 600 +     40 

– 3,000 

248 

 – 200 

 48 

 +     9 

48 

 – 45 

 3 

 = 649 R3 

 Question 2:  “5 times what tens number gives an answer  

                        closest to 248 without going over?” 

 Question 3:  “5 times what number gives an answer  

                        closest to 48 without going over?” 

 Question 1:  “5 times what hundreds number gives an answer  

                        closest to 3,248 without going over?” 



248 

5 
3,248 

 600 +     40 

– 3,000 

248 

 – 200 

 48 

 +     9 

48 

 – 45 

 3 

 = 649 R3 – 3,000  

649 R3 

 3,2485

248 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8  

600  
40  

– 200  

48  
– 45  

3  

9  
 Question 2:  “5 times what tens number gives an answer  

                        closest to 248 without going over?” 

 Question 3:  “5 times what number gives an answer  

                        closest to 48 without going over?” 

 Question 1:  “5 times what hundreds number gives an answer  

                        closest to 3,248 without going over?” 



 – 30 

 3,2485

2 

6 4 

– 20 

4 
– 45  

3  

9  

4 

8 

R3  

248 

5 
3,248 

 600 +     40 

– 3,000 

248 

 – 200 

 48 

 +     9 

48 

 – 45 

 3 

 = 649 R3 

 Question 3:  “5 times what number gives an answer  

                        closest to 24 without going over?” 

 Question 4:  “5 times what number gives an answer  

                        closest to 48 without going over?” 

 Question 2:  “5 times what number gives an answer  

                        closest to 32 without going over?” 

 Question 1:  “5 times what number gives an answer  

                        closest to 3 without going over?” 



How are all three methods similar? 

 Build the unknown factor place-by-place. 

 Subtract each partial product from the part of the 

number being divided. 

 Write the unknown factor above the product with place 

values aligned. 

How is the digit-by-digit method different? 

 The digit-by-digit method only shows parts of the number 

being divided, instead of the complete partial products. 

 The digit-by-digit method, you write your answer as you 

go along, instead of having to add your partial answers at 

the end. 
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Discuss 

 

 

 

 

 

Check or look up multiples on a multiplication table 

 Learn difficult multiples 

 Be less discouraged by division 

 Find more accurate answers 

 Recognize numbers that are far from an exact multiple 

 

 

 

 



 Important to understand the 

meaning and usage of all types of 

remainders 

 A- Remainder that is not part of the 

question 

 B- Remainder that causes the answer 

to be rounded up  

 C- Fraction remainder   

 D- Decimal remainder  

 E- Remainder only 

 

 

 

 



Discuss problems 1-5 



 

 

 

 

 

 

 

 

 You forgot the remainder. The answer to your division 

problem is 35 with a remainder of 20. This means that if you 

put 48 cans in a box, you will fill 35 boxes, but have 20 cans 

left over. You need to get an extra box to put the extra cans 

in, so you need 36 boxes in all. 
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